M-theory and Seven-Dimensional Inhomogeneous Sasaki-Einstein Manifolds by Kim, Hyojoong et al.
Prepared for submission to JHEP
M-theory and Seven-Dimensional Inhomogeneous
Sasaki-Einstein Manifolds
Hyojoong Kim,a Nakwoo Kim,a,b Sunchang Kima and Jung Hun Leea
aDepartment of Physics and Research Institute of Basic Science,
Kyung Hee University,
Hoegi-dong, Dongdaemun-gu,
Seoul, 130-701, Korea
bDepartment of Physics and Astronomy,
University of British Columbia,
6224 Agricultural Road, Vancouver,
British Columbia, V6T 1Z1, Canada
E-mail: nkim@khu.ac.kr
Abstract: Seven-dimensional inhomogeneous Sasaki-Einstein manifolds Y p,k(KE4) present
a challenging example of AdS/CFT correspondence. At present, their field theory duals
for KE4 = CP2 base are proposed only within a restricted range 3p/2 ≤ k ≤ 2p as N = 2
quiver Chern-Simons-matter theories with SU(N) × SU(N) × SU(N) gauge group, nine
bifundamental chiral multiplets interacting through a cubic superpotential. To further elu-
cidate this correspondence, we use particle approximation both at classical and quantum
level. We setup a concrete AdS/CFT mapping of conserved quantities using geodesic mo-
tions, and turn to solutions of scalar Laplace equation in Y p,k. The eigenmodes also provide
an interesting subset of Kaluza-Klein spectrum for D = 11 supergravity in AdS4×Y p,k, and
are dual to protected operators written in terms of matter multiplets in the dual conformal
field theory.
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1 Introduction
Thanks to the recent proposals in terms of Chern-Simons-matter theories [1, 2], we now
have a number of concrete examples for AdS4/CFT3. On the gravity side the internal
space of M-theory is usually given as a toric Sasaki-Einstein seven-manifold, while on the
other side of the duality we have a D = 3, N = 2 theory whose gauge symmetry and
interactions are summarised by a quiver diagram. For the case of Aharony-Bergman-
Jafferis-Maldacena (ABJM) model [2] M2-branes are put on an orbifold C4/Zk, where k is
the inverse coupling constant. For other orbifolds of C4 whose gauge dual can be derived
using D-brane intersection models, see e.g. [3].
Except for the N = 6 model [2] which is in principle amenable to exact computations in
both string theory and the gauge field theory, most of other AdS4/CFT3 examples are less
well-understood. Usually they are justified only by the calculation of the vacuum moduli
space for the given quiver Chern-Simons theory, and the fact that it agrees with the toric
data of the eight-dimensional transverse space where the M2-branes are allowed to move.
Many such duality “examples” can be found for instance in [4–9].
For improvement one can use classical membranes as a probe. Rotating membrane
solutions in the large energy limit can provide nontrivial quantitative predictions for long
operators in the dual field theory. This program was initiated by the seminal paper [10], and
shown to give a starting point for semi-classical quantization of string theory in AdS5×S5
[11]. Nontrivial classical membrane solutions in AdS4×S7 which are studied in the context
of Chern-Simons duals can be found e.g. [12–14].
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More intricate backgrounds for AdS4/CFT3 are given by d = 7 Sasaki-Einstein (SE)
manifolds. SE manifolds are odd-dimensional and their metric cone provides a singular
Calabi-Yau space. There are several examples of seven-dimensional SE manifolds which can
be constructed as a coset. For instance the explicit metrics of so-called Q1,1,1,M1,1,1, V 5,2
manifolds have been known for many years. Mainly as a potential model-building tool for
particle physics, the Kaluza-Klein reduction spectra for backgrounds AdS4×M7, with for
instanceM7 = S7, Q1,1,1,M1,1,1 were studied extensively in the past [15, 16]. Of course in
AdS/CFT such supergravity modes correspond to supersymmetric operators whose con-
formal dimensions are protected from quantum corrections. Anomalous dimensions of
many non-BPS operators can be computed using classical membrane solutions moving in
AdS4 ×M7. Membranes rotating in toric SE spaces Q1,1,1,M1,1,1, and also in non-toric
V 5,2 have been studied and their implications on dual CFT operaors have been reported
[17–19]. Ideally one would like to compare such supergravity side results with genuine field
theory computations. But the dual theories are all strongly-coupled and at present it is
very difficult to extract any quantitative data except for the spectrum of supersymmetric
operators.
Then it is logically the next step to turn to inhomogeneous SE manifolds. Five-
dimensional SE manifolds other than T 1,1 = SU(2) × SU(2)/U(1) are first constructed
explicitly in [20]. Dubbed Y p,q, they are topologically S2 × S3 and equipped in general
with a cohomogeneity-1 metric and include T 1,1 as a special case. They are also toric and
have isometry SU(2) × U(1) × U(1), and the dual quiver gauge theories are identified in
[21]. It constituted a highly nontrivial check of AdS/CFT correspondence that the volume
of Y p,q match exactly with the purely field-theoretical computation of central charges us-
ing a-maximization [22, 23]. For more works on the duality involving Y p,q spaces, see e.g.
[24–29].
The construction of cohomogeneity-1 SE manifolds can be generalized to arbitrary
higher dimensions [30]. Given a 2n-dimensional regular Ka¨hler-Einstein manifold, roughly
speaking one can add a squashed S3 fibration, give a SE metric to the entire 2n + 3-
dimensional space, and make it globally regular at the same time. In this paper we are
interested in M-theory backgrounds AdS4 ×M7 where M7 = Y p,k(CP2) or Y p,k(CP1 ×
CP1). Here p, k ∈ Z determine the toric data and for special cases Y 1,1(CP1 × CP1) =
Q1,1,1, Y 2,3(CP2) = M1,1,1 [31]. Gauge theory duals for AdS4 × Y p,k(CP2) have been
proposed and their vacuum moduli space in the mesonic branch is shown to match the
(metric cone of) SE space for some specific range of p, k [4].
In this paper we take a modest start in the study of conjecture for AdS4 × Y p,k. We
analyze some geodesic motions and also solve the scalar Laplace equation in Y p,k(CP1 ×
CP1) and Y p,k(CP2). Note that for d = 5 the geodesics and their AdS/CFT interpretation
was given in [32], and the scalar Laplace equation in Y p,q was studied in [33], whose steps
we will closely follow in Sec.4. We will establish the mapping between the particle solutions
and CFT operators, and also elucidate their conserved charges. The solutions of Laplace
equation in Y p,k also provide an interesting subset of Kaluza-Klein spectrum. We present
some of the simplest nontrivial solutions explicitly, and argue they are dual to the shortest
chiral primary operators written purely in terms of scalar fields.
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This paper is organized as follows. In Sec.2 we give a short introduction to Y p,k,
mainly to fix the notation and provide essential information. In Sec.3 we consider particle
orbiting in SE space and establish a dictionary between supergravity description and the
quiver Chern-Simons theory. Sec.4 is the main part where we study the Laplace equation
and present some of the lowest lying modes explicitly. We conclude in Sec.5.
2 Sasaki-Einstein Seven-Manifolds Y p,k
In this paper we are interested in the aspects of AdS4/CFT3 correspondence for M-theory.
The eleven-dimensional metric can be written as a direct product of a four-dimensional
anti-de Sitter space and a seven-dimensional compact manifold which is Einstein,
ds211 = L
2(
1
4
ds24 + ds
2
7). (2.1)
Both the four and seven dimensional part (with metrics ds24 and ds
2
7) have unit radius and
satisfy
Ric4 = −3g4, Ric7 = 6g7. (2.2)
The Einstein equation is satisfied with the inclusion of a non-vanishing four-form field
G(4) = 3L
3
8 Vol4. It is well-known that when X
7 is Sasakian as well as Einstein, or if
its metric cone provides a locally Calabi-Yau space, the overall M-theory background is
supersymmetric with eight supercharges. The simplest such examples are Q1,1,1 and M1,1,1.
These manifolds are toric, homogeneous, and can be considered as natural generalizations
of the (base of) conifold T 1,1 to seven dimensions. The Kaluza-Klein reduction spectra can
be found in ref.[15]. Their dual CFTs as supersymmetric Chern-Simons matter theory are
proposed in refs. [4, 5, 7]. Classical solutions of rotating membranes in those backgrounds
are constructed for instance in [17, 19]. Q1,1,1 and M1,1,1 can be also treated as special
limiting cases of the generically inhomogeneous Y p,k manifolds which are our main interest
in this paper. For completeness let us record their metrics here. Q1,1,1 is a twisted U(1)
fibration over CP1 × CP1 × CP1 with
ds27 =
1
16
(dψ +
3∑
i=1
cos θidφi)
2 +
1
8
3∑
i=1
(dθ2i + sin
2 θidφ
2
i ) , (2.3)
and satisfies Rmn = 6gmn. The coordinates range as 0 ≤ θi ≤ pi, 0 ≤ φi ≤ 2pi and
0 ≤ ψ ≤ 4pi. On the other hand M1,1,1 is a twisted U(1) fibration over CP2 × CP1, with
metric
ds27 =
1
64
(dψ + 3 sin2 µ(dψ˜ + cos θ˜dφ˜) + 2 cos θdφ)2 +
1
8
(dθ2 + sin2 θdφ2)
+
3
4
(dµ2 +
1
4
sin2 µ(dθ˜2 + sin2 θ˜dφ˜2 + cos2 µ(dψ˜ + cos θ˜dφ˜)2)), (2.4)
where 0 ≤ θ, θ˜ ≤ pi, 0 ≤ φ, φ˜ ≤ 2pi, 0 ≤ ψ, ψ˜ ≤ 4pi and 0 ≤ µ ≤ pi/2.
Now let us turn to the inhomogeneous case, the so-called Y p,k. They are higher di-
mensional generalization of the five-dimensional inhomogeneous Sasaki-Einstein manifolds
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Y p,q [20]. They are cohomogeneity one, and their geometry in arbitrary odd dimensions is
studied in ref. [30]. We follow the formulas of ref. [30] but specialize to seven dimensions.
In our convention the metric is written as
ds27 =
x
4
ds˜24 +
1
4U(x)
dx2 + q(x)(dψ +A)2 +
w(x)
16
(dα+ f(x)(dψ +A))2. (2.5)
The various symbols in the metric tensor are given as follows.
U(x) =
−3x4 + 4x3 + κ
3x2
, (2.6)
w(x) = U(x) + (x− 1)2 (2.7)
=
−2x3 + 3x2 + κ
3x2
, (2.8)
q(x) =
U(x)
16w(x)
(2.9)
=
−3x4 + 4x3 + κ
16(−2x3 + 3x2 + κ) , (2.10)
f(x) =
U(x) + x2 − x
w(x)
(2.11)
=
x3 + κ
−2x3 + 3x2 + κ. (2.12)
One can check this metric indeed satisfies the Einstein condition Rmn = 6gmn locally, if
the four dimensional manifold M4 with metric ds˜24 is itself Einstein with Ric4 = 2g4. In
fact M4 is also a Ka¨hler manifold, and 12dA should give its Ka¨hler two-form. In order to
have a positive definite metric, the range of x is determined by the positivity of U(x). If we
define H(x) ≡ x4− 43x3− κ3 , H(x) = 0 allows two (different) positive roots for −1 < κ < 0.
Other two roots are complex-valued, and if we call the real roots x1, x2 (x1 < x2) they
satisfy x1 < 1 < x2. We wish to have a smooth manifold with range x1 ≤ x ≤ x2, by giving
appropriate periodicity conditions to the angular coordinates α,ψ. This was shown to be
possible in ref. [30], if κ satisfies the following conditions. The real roots x1, x2 should
satisfy
3p3x31 + 2p
2(6b− 5p)x21 + p(18b2 − 28pb+ 11p2)x1 + 4(3b3 + 4p2b− 6pb2 − p3) = 0,
3p3x32 + 2p
2(p− 6b)x22 + p(18b2 − 8pb+ p2)x2 + 4b(3pb− 3b2 − p2) = 0.
Here k, p are integers, b = k/h, and h is the greatest common divisor of all Chern numbers
for the base M4. To be explicit we will consider two examples: CP1 × CP1 with h = 2,
or CP2 with h = 3. −1 < κ < 0 is now translated to hp/2 < k < hp. The periodicity of
various angles are given as 0 ≤ ψ ≤ 2pi and 0 ≤ α ≤ 2pil. Regularity of the metric requires
[30]
l =
x2 − x1
p(x2 − 1)(1− x1) ,
x1(x2 − 1)
x2(x1 − 1) = 1−
hp
k
. (2.13)
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The form of the metric in eq.(2.5) is best establishing the regularity of Y p,k, but it is not
convenient to check the supersymmetry or the fact it is Sasaki-Einstein. In the canonical
form, the metric is locally written as a twisted U(1) fibration over Ka¨hler-Einstein space.
The constant norm Killing vector from the U(1) fibration is called the Reeb vector and
corresponds to the R-symmetry of the dual CFT. It can be seen through a simple change
of variables
α = −φ− 4ψ′, ψ = 4ψ′. (2.14)
Then the metric becomes ds27 = (dψ
′ + σ)2 + ds2KE6 , with
ds2KE6 =
x
4
ds˜24 +
1
4U(x)
dx2 +
U(x)
16
(dφ−A)2, (2.15)
σ =
1
4
A+
1− x
4
(dφ−A). (2.16)
Note also that the Reeb vector is ∂ψ′ = 4(∂ψ − ∂α) and the KE6 base in eq.(2.15) satisfies
Ric6 = 8g6.
For definiteness and easier reference, we record here the metric and Ricci potential for
M4. When it is CP1 × CP1, we choose the ordinary spherical coordinates
ds˜24 =
1
2
(dθ21 + sin
2 θ1dφ
2
1 + dθ
2
2 + sin
2 θ2dφ
2
2), (2.17)
A = cos θ1dφ1 + cos θ2dφ2. (2.18)
Or for CP2, we adopt the following convention
ds˜4 = 3
{
dµ2 +
1
4
sin2 µ
(
dθ˜2 + sin2 θ˜dφ˜2 + cos2 µ(dψ˜ + cos θ˜dφ˜)2
)}
, (2.19)
A =
3
2
sin2 µ(cos θ˜dφ˜+ dψ˜). (2.20)
where 0 ≤ µ ≤ pi2 , 0 ≤ θ˜ ≤ pi, 0 ≤ φ˜ ≤ 2pi and 0 ≤ ψ˜ ≤ 4pi.
3 AdS/CFT relation and Geodesic motions
Unlike the case of homogeneous Sasaki-Einstein seven-manifolds where the dual CFTs
are relatively better-established and there exist further exploration of the duality relation
[4, 5, 17–19, 31], the inhomogeneous examples are not very well understood. The dual
CFT of AdS4 × Y p,k(CP2) is proposed in [4]. The field theory has gauge group SU(N)×
SU(N)×SU(N) with Chern-Simons levels (2p−k, k−p,−p). The quiver diagram is given
in figure 1.
There are nine chiral multiplets in total which are represented by arrows in the quiver
diagram. They interact via a cubic superpotential
W =
3∑
i,j,k=1
ijkTr(X
i
12X
j
23X
k
31). (3.1)
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123
X112, X
2
12, X
3
12
X123, X
2
23, X
3
23
X131, X
2
31, X
3
31
k1 = 2p− k
k2 = k − pk3 = −p
Figure 1. The quiver diagram for Chern-Simons dual of AdS4 × Y p,k(CP2)
Not surprisingly this proposal is very similar to that of M1,1,1 = Y 2,3(CP2) which is a
homogeneous Sasaki-Einstein seven-manifold with KE6 = CP2×CP1. It is obvious that if
p = 2r, k = 3r the quiver Chern-Simons theory becomes identical to the proposed dual for
AdS4 ×M1,1,1/Zr. This happens when κ = 0, when H(x) = 0 develops double roots. It is
less clear how to see this special arrangement leads to the homogeneous metric, M1,1,1, or
Q1,1,1 when M4 = CP1 ×CP1. It involves reviving another parameter in the metric which
was originally scaled away, and taking a particular scaling limit. For details readers are
referred to ref. [30].
The vacuum moduli space M3 of the above N = 2 Chern-Simons theory has been
computed in ref. [4]. When the toric data is compared to that of Y p,k(CP2), one finds
agreement for the range
3p/2 ≤ k ≤ 2p. (3.2)
Outside this region, i.e. if 2p < k < 3p, among the toric data of M3 there is one vertex
which lies outside the polytope for Y p,k(CP2) [4]. To the best of our knowledge, the dual
CFTs for the range of 2p < k < 3p are not known yet.
Let us consider the lowest-level chiral primary operators which are written purely in
terms of the scalar fields of the CFT. They constitute the lowest-lying modes of Kaluza-
Klein reduction of 11-dimensional supergravity on Y p,k. As usual, the chiral primary
operators are gauge singlets and classified up to F-term condition. The simplest ones we
can think of are
(O30 )
ijk = Tr(Xi12X
j
23X
k
31). (3.3)
Due to the F-term conditions the SU(3) indices i, j, k are symmetrized, so these operators
are in 10 of SU(3). Being of the same order as W and BPS, the conformal dimension
∆ and R-charge R are both 2. There is one more global charge we can match against
the geometric data, which is the monopole charge number Qm. Since we do not have any
monopole operator insertion, for O30 we set Qm = 0.
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In the reconstruction of the geometry of Sasaki-Einstein space, it is crucial to incorpo-
rate the monopole operators. The diagonal one eia, which is supersymmetric and does not
carry bare conformal dimension or R-charge, has charge vector (for abelian case) exactly
the same as the Chern-Simons levels. For the quiver theory of figure 1 it is (2p−k, k−p,−p).
It is then easily seen that
Ok+ = Tr(e
iaXk−p12 X
p
31) (3.4)
is a neutral operator. Note that we are schematic here and the symbol Tr means contracting
various indices of eia, X12, and X31 appropriately so that we have a gauge singlet in the end.
We also have suppressed the SU(3) indices but it is understood that they are symmetrized
due to F-term condition, like O30 . Being supersymmetric, the conformal dimension and
R-charge should be still the same and we set ∆ = R = r+. Here r+ is not known yet but
will be fixed using AdS/CFT correspondence. The monopole number is Qm = 1.
In the same way we can think of
O3p−k− = Tr(e
−iaX2p−k12 X
p
23), (3.5)
with ∆ = R = r− and Qm = −1. At this stage we only know
r+ + r− = 2p. (3.6)
One can construct higher-level chiral primary operators by taking symmetric products
of the three basic operators (to be precise multiplying the expressions within Tr, and
taking the trace after multiplication to have a single-trace operator) given above. And
such operators are dual to orbiting particles in the supergravity background of AdS4×Y p,k.
More concretely, we consider particles moving only along the U(1) fibre in the canonical
form. In other words we consider geodesic motions with ansatz t = κτ, ψ′ = ωτ and set
all the remaining angles including x to constant. The computation is elementary and we
obtain κ = ±2ω. We restrict to holomorphic expressions of the complex scalar fields and
choose κ = 2ω > 0. For our purpose it is important to have the ratios between varioius
conserved charges. We define E to be the conjugate momentum for t, Jψ′ as conjugate to
ψ′ etc. For Y p,k(CP2),
E : Jφ˜ : Jψ˜ : Jφ : Jψ′ = 1 :
3
4
x sin2 µ cos θ˜ :
3
4
x sin2 µ :
1− x
2
: 2. (3.7)
Note that x, µ, θ˜ are constants here. The ratios can take values within a limited range, for
instance 0 ≤ Jφ˜ ≤ 34x2E. On the other hand, for Y p,k(CP1 × CP1), we obtain
E : Jφ1 : Jφ2 : Jφ : Jψ′ = 1 :
x
2
cos θ1 :
x
2
cos θ2 :
1− x
2
: 2, (3.8)
where x, θ1, θ2 are constants.
We next consider matching the CFT side data for chiral primaries and the gravity
side data from geodesic motion, for Y p,k(CP2). On the CFT side, we have five commuting
physical observables which may have non-trivial values for operators such as Ok0 ,O
k
+,O
3p−k
− .
They are ∆, R,Qm and also two more charges which determine the SU(3) representation.
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Let us first identify ∆ with E. Then from the fact that E : Jψ′ = 1 : 2 it is obvious we
should relate R = Jψ′/2. Changing µ, θ˜ should correspond to assigning different SU(3)
indices, since they are among CP2 angles. We will thus identify Jφ˜, Jψ˜ with the Cartan
generators of the SU(3) symmetry. It turns out correct to relate Jφ with the monopole
number Qm. For x = 1 orbits, we have Qm = 0 and the duals are without monopole
operator insertions. x = x2 orbits are in fact dual to operators with maximally possible e
ia
insertions, like Ok+. In the same way we should identify operators like O
3p−k
− with x = x1
orbits. We provide more concrete SU(3) part identifications and check our mappings with
several examples in the following.
Let us first consider x = 1 cases and try to find out the relation between the highest
weights of SU(3) representation and angular momenta of particle solution. For SU(3) we
follow the standard convention and use
Q3 =
1
2
1 0 00 −1 0
0 0 0
 , Q8 = 1
2
√
3
1 0 00 1 0
0 0 −2
 , (3.9)
for fundamental representation. For instance if we consider O30 with i = j = k = 1, we
obtain Q3 = 3/2, Q8 =
√
3/2. In general for a symmetric product like Tr[(X12X23X31)
n]
with all SU(3) indices equal to 1, we would obtain ∆ = R = 2n,Q3 = 3n/2, Q8 =
√
3n/2.
Now looking at the metric convention for CP2 in eq.(2.19), we want to identify these
operators with orbits at µ = pi/2, θ˜ = 0. In a similar way, i = 2 maps to µ = pi/2, θ˜ = pi,
and i = 3 is for µ = 0. When we consider the possible values for ratios from the gravity
side and the eigenvalues of Q3, Q8, it is not difficult to conclude that we should identify
Q3 = Jφ˜, (3.10)
Q8 =
√
3(Jψ˜ + Jφ −
1
4
Jψ′). (3.11)
This part of the consideration is very similar to the M1,1,1 case [17].
Now what about operators with monopoles, like Ok+,O
3p−k
− ? As mentioned earlier,
we assume x = x2 orbits have maximally possible insertions of e
ia, like Tr[(eiaXk−p12 X
p
31)
n].
And x = x1 orbits are dual to operators like Tr[(e
−iaX2p−k12 X
p
23)
n]. We check this conjecture
leads to a nontrivial realization of eq.(3.6). One can now fix the values r+, r− by considering
the ratio Jφ˜/E and Q3/∆ for O
k
+,O
3p−k
− .
r− =
2(3p− k)
3x1
, r+ =
2k
3x2
. (3.12)
One can easily see that this is consistent with eq.(3.6), with the help of the second identity
in eq.(2.13). We have the same type of consistency when considering Q8/∆. Finally we
need to fix the proportionality coefficient in identifying Jφ with Qm. It turns out we should
relate
Qm = −lJφ, (3.13)
which implies r+ =
2
l(x2−1) , r− =
2
l(1−x1) from the consideration of O
k
+,O
3p−k
− . This assign-
ment is easily shown to be identical to eq.(3.12), using eq.(2.13).
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4 Scalar Laplacian on Y p,k
4.1 Scalar Laplacian and Kaluza-Klein reduction
We now turn to the solutions of Laplace equation for Y p,k. There are two motivations for
doing this. One is as the quantum mechanism on Y p,k. In order to explore the AdS/CFT
correspondence, in principle we need to quantize the membrane action in the nontrivial
background AdS4×Y p,k. This is certainly a very nontrivial problem, and one can alterna-
tively tackle quantization of particle motion and try to obtain some (limited) information
on M-theory spectrum at quantum level.
Another motivation is as part of the Kaluza-Klein (KK) reduction problem. As an
example of AdS4/CFT3 correspondence, one needs to perform the KK computation and
obtain the matter fields for four-dimensional supergravity. According to AdS/CFT, these
supergravity modes are dual to chiral primary operators in the dual field theory. The entire
KK computation is not a trivial task, but we have complete results for S7 and other coset
manifolds such as Q1,1,1,M1,1,1 [15, 16, 34]. The space of our interest Y p,k is not a coset nor
homogeneous, and the KK spectrum is not dictated by symmetry through group theory
computations. Instead of the full analysis, we will consider a simpler subset, i.e. the scalar
Laplacian in this paper.
Although the eleven-dimensional supergravity does not have any scalar field, the spec-
trum of scalar Laplacian makes an appearance in KK computation. On the problem of
separating the various Laplace-Beltrami equations for metric tensor and four-form flux,
readers are referred to a classic review paper on Kaluza-Klein supergravity by Duff et al.
[16]. Their computation is summarised in table 5 of [16], and the scalar Laplacian among
other things gives rise to the modes called 0+(1), with four-dimensional mass
m2 = E + 44− 12√E + 9. (4.1)
Our convention is Y = −E Y with harmonic functions Y . We need to recall that in
the convention of ref. [16] the conformal coupling term of scalar fields with Ricci scalar is
written separately. Then the above relation implies the existence of CFT operators with
conformal dimension
4∆(∆− 3) = E + 36− 12√E + 9, (4.2)
according to the standard AdS/CFT prescription.
As a warm-up, let us first consider the homogeneous Sasaki-Einstein manifolds and
check eq.(4.2) leads to consistent predictions on dual CFT.
1. S7
For round S7 with unit radius, the eigenvalues are E = j(j + 6), j = 0, 1, 2, . . .,
for rank-j totally symmetric representation of SO(8). For dual operators we have
∆ = j/2. This is consistent with the fact that there are (allowing insertions of
monopole operators) effectivly eight scalar fields XI (I = 1, 2, . . . , 8) with ∆ = 1/2 in
ABJM model with Chern-Simons level k = 1. For instance, a chiral primary operator
is written as
SI1I2···IjTr(X
I1XI2 · · ·XIj ), ∆ = j/2, (4.3)
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where SI1I2··· is symmetric and traceless.
2. Q1,1,1
The eigenvalues are computed for instance in [15],
E = 8(j1(j1 + 1) + j2(j2 + 1) + j3(j3 + 1)− s2), (4.4)
where s = 0,±1/2,±1, . . . and j1, j2, j3 = |s|, |s| + 1, |s| + 2, . . .. The lowest-lying
nontrivial mode is given as j1 = j2 = j3 = s = 1/2, or (2, 2, 2) representation of
the global symmetry SU(2) × SU(2) × SU(2), with ∆ = 1. There exist at least
two proposals for CFT dual of (orbifolded) AdS4 × Q1,1,1, see for instance [7, 35].
And both of them exhibit chiral primary operators in (2j + 1, 2j + 1, 2j + 1) with
∆ = 2j. The corresponding bulk scalar modes are identified as eigenfunction of
Laplace operator with j1 = j2 = j3 = s = j.
3. M1,1,1
The eigenvalues are given as [15]
E =
16
3
(k2 + 2(1 + 3|s|)k + 6|s|)) + 8(j(j + 1)− 4s2) + 64s2, (4.5)
where s = 0,±12 ,±1, · · · , j = 2|s|, 2|s| + 1, · · · , and k = 0, 1, 2, · · · . M1,1,1 has
SU(3)×SU(2)×U(1) symmetry, and j determines the SU(2) representation, s is for
the U(1) charge, and k, s together determine SU(3) representaion. In particular, for
s > 0 the eigenmodes are in (k, k+6s) of SU(3) and if s < 0 the SU(3) representation
is in (k + 6|s|, k) [15]. The basic chiral primary operator for dual CFT is in 10, or
rank-3 symmetric tensor which can be also written as (0, 3)-representation. At the
same time they are a triplet of SU(2) and have ∆ = 2. This particular set of operators
can be mapped to eigenmodes with k = 0, j = 1, and s = 1/2. Then we have E = 40
and can match with ∆ = 2. More generally, if we consider symmetric products they
are dual to the modes in (0, 6s)-rep of SU(3) and spin-2s representation of SU(2),
for s = 12 , 1,
3
2 , . . ..
4.2 Separation of variables and ODE with five singularities
4.2.1 CP1 × CP1 Base
One can begin with the computation of scalar Laplace operator for the seven-manifold.
 = 4
x2
∂x
(
x2U(x)∂x
)
+
8
x
2∑
i=1
[
1
sin θi
∂θi(sin θi∂θi) +
(
1
sin θi
∂φi + cot θi∂ψ
)2]
+
16
U(x)
(
∂α + (1− x)(∂ψ − ∂α)
)2
+ 16(∂ψ − ∂α)2. (4.6)
As usual we separate the variables by writing putative eigenmodes as
Φ(x, θ1, θ2, φ1, φ2, ψ, α) = X(x)Θ1(θ1)Θ2(θ2)exp
[
i
(
Nφ1φ1+Nφ2φ2+Nψψ+
Nα
l
α
)]
, (4.7)
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One first solves the CP1 parts one by one, using[
1
sin θ1
∂θ1(sin θ1∂θ1) +
(
Nφ1
sin θ1
+Nψ cot θ1
)2]
Θ1 = −
(
j1(j1 + 1)−N2ψ
)
Θ1 (4.8)
and also in a similar way for Θ2. The SU(2) quantum numbers j1, j2 can take values
|Nψ|, |Nψ| + 1, · · · . Now the Laplace equation Φ = −EΦ is reduced to a second order
ordinary differential equation (ODE) for X(x),
4
x2
d
dx
(
x2U(x)
d
dx
X(x)
)
−
{
8
x
(
j1(j1 + 1) + j2(j2 + 1)− 2N2ψ
)
+
16
U(x)
(
Nα
l
+ (1− x)
(
Nψ − Nα
l
))2
+ 16
(
Nψ − Nα
l
)2
− E
}
X(x) = 0. (4.9)
4.2.2 CP2 Base
It is straightforward to compute the Laplace operator.
 = 4
x2
∂x
(
x2U(x)∂x
)
+
4
x
{
1
3 sin3 µ cosµ
∂µ(sin
3 µ cosµ∂µ) +
4
3 sin2 µ
[
1
sin θ˜
∂θ˜(sin θ˜∂θ˜)
+
(
1
sin θ˜
∂φ˜ − cot θ˜∂ψ˜
)2]
+
4
3 sin2 µ cos2 µ
(
∂ψ˜ −
3
2
sin2 µ∂ψ
)2}
+
16
U(x)
(
∂α + (1− x)(∂ψ − ∂α)
)2
+ 16(∂ψ − ∂α)2. (4.10)
And we again employ the technique of separating the variables by assuming an eigenfunc-
tion of the following form.
Φ(x, µ, θ˜, φ˜, ψ˜, ψ, α) = X(x)M(µ)Θ(θ˜)exp
[
i
(
Nφ˜φ˜+
Nψ˜
2
ψ˜ +Nψψ +
Nα
l
α
)]
. (4.11)
Now some of the partial derivatives turn into integration constants, and then we solve
the CP2 part. The CP1 ⊂ CP2 should be tackled first, and we can effectively substitute
1
sin θ˜
∂θ˜(sin θ˜∂θ˜) +
(
1
sin θ˜
∂φ˜ − cot θ˜∂ψ˜
)2
−→ −j(j + 1) +
N2
ψ˜
4
, (4.12)
where Nψ˜ is integer, and j = |Nψ˜|/2, |Nψ˜|/2 + 1, · · · . The equation for M(µ) should
complete the solution for CP2 part. The result is determined by the group theory for
SU(3), simply an eigenvalue of quadratic Casimir operator. We obtain
1
3 sin3 µ cosµ
∂µ(sin
3 µ cosµ∂µ)−
4j(j + 1)−N2
ψ˜
3 sin2 µ
−
(Nψ˜ − 3Nψ sin2 µ)2
3 sin2 µ cos2 µ
−→ −4
3
(M1 +M2 +M1M2), (4.13)
M1,M2 determine the relevant SU(3) representation. They range as M1 = s, M2 = s+3Nψ
and s = 0, 1, · · · . Now we have an ordinary differential equation for X(x),
4
x2
d
dx
(
x2U(x)
d
dx
X(x)
)
−
{
4
x
4
3
(
s+ (s+ 3Nψ) + s(s+ 3Nψ)
)
+
16
U(x)
(
Nα
l
+ (1− x)
(
Nψ − Nα
l
))2
+ 16
(
Nψ − Nα
l
)2
− E
}
X(x) = 0. (4.14)
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One can easily see that, not surprisingly, the ODEs eq.(4.9) and eq.(4.14) are of the
same form apart from the integration constants fromM4. Let us introduce a new constant
QR = 2(Nψ − Nα
l
), (4.15)
which is the eigenvalue for i∂ψ′/2, so gives us the R-charge of the solution. On the other
hand Nα is integral and since il∂α is related to monopole charge, we can interpret it as
Qm = Nα. To simplify the ODE, we introduce a shorthand notation for the eigenvalues of
four-dimensional Laplacian as follows
C =

4
3
(
s+ (s+ 3Nψ) + s(s+ 3Nψ)
)
, for M4 = CP2.
2
(
j1(j1 + 1) + j2(j2 + 1)− 2N2ψ
)
, for M4 = CP1 × CP1.
(4.16)
Obvious C is determined by the representation of the solution for non-R global symmetry.
Then the ODE can be written as follows,
d2
dx2
X(x) +
4∑
i=1
1
x− xi
d
dx
X(x) +
1
H(x)
{
−1
9
(
6
Nα
l
−QR
)2
+ x
(
C +
2QR
3
(
6
Nα
l
+QR
))
− E
4
x2 −
4∑
i=1
α2iH
′(xi)
x− xi
}
X(x) = 0. (4.17)
As defined earlier H(x) = x4− 43x3− κ3 =
∏4
i=1(x−xi). Among the roots x1, x2 are real but
x3, x4 are complex-valued. This ODE has five regular singular points on complex plane, at
x = x1, x2, x3, x4, and ∞. The parameters αi are given as for instance
α1 = −
(
4
Nα
l
+ 2(1− x1)QR
)
x21
2(x1 − x2)(x1 − x3)(x1 − x4) =
QR
4
− Nα
2l
1
x1 − 1 , (4.18)
and similarly for others. Note that α3, α4 are complex-valued but they are complex conju-
gate to each other. One can easily show∑
αi = QR. (4.19)
The asymptotic behavior of X(x) near x = xi is given as X(x) ∼ (x − xi)αi . If we
extract the asymptotic behavior by setting
X(x) =
4∏
i=1
(x− xi)αif(x), (4.20)
we have the following ODE in standard form
d2
dx2
f(x) +
4∑
i=1
1 + 2αi
x− xi
d
dx
f(x) +
αx2 + βx∏4
i=1(x− xi)
f(x) = 0. (4.21)
The parameters α, β are given as
α = QR(QR + 3)− E
4
, (4.22)
β = C − 4Nα
l
− 2QR. (4.23)
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4.3 Explicit solutions and BPS conditions
In this section we will present simple solutions for f(x) which are either constant or linear
in x. We also try to give their interpretation as operators in quiver gauge theory figure 1,
for M4 = CP2.
4.3.1 Constant solutions and Chiral Primaries
Obviously f(x) = const. becomes a solution if α = β = 0. α = 0 implies ∆ = QR, which
is the familiar supersymmetry condition for chiral primaries that conformal dimension
should be equal to R-charge. Then β = 0 leads to C = 4Nψ. Since Nψ = QR/2 + Nα/l,
this condition relates the representation of non-R flavor symmetry with monopole number
and R-charge.
We can easily check that these conditions indeed account for the chiral primary op-
erators of Y p,k(CP2), as follows. Let us start with the case Nψ = 1. Then β = 0, or
equivalently C = 4 implies we should set s = 0, i.e. the SU(3) representation is in (0, 3),
i.e. 10. If we further set Nα = 0 then QR = 2. Now we look at α = 0 and see ∆ = 2. This
particular state obviously corresponds to O30 = Tr(X12X23X31). We can also find duals
for other operators. For Ok+, we need to choose Nψ = k/3, Nα = 1 and QR = r+. Or for
O3p−k− , one finds Nψ = (3p − k)/3, Nα = −1, QR = r− do the job. For doing this, we can
make use of the following identities which can be derived from eq.(2.13).
l =
hx2
k(x2 − 1) =
hx1
(k − hp)(x1 − 1) . (4.24)
Similarly we can describe all higher composite operators, which are purely made of scalar
operators with numerous insertions of monopole operators e±ia.
Now it should be clear that we can find states dual to the chiral primary operators
such as listed in Sec.3, but how do we know that other assignments of quantum numbers
are prohibited? For instance, what would happen if we considered Nψ = 1, Nα = 1 instead
of Nψ = 1, Nα = 0 which gives us O
3
0? The correct quantization is given by regularity of
wavefunction, of course. And for that matter, in practice we need to consider two things
here. One is the correct periodicity for various angles in the metric, especially α,ψ. The
other is the convergence of the eigenmode at north and south pole of squashed S2, i.e.
x = x1, x2.
A systematic way of determining the correct periodicity condition, or single-valuedness
of the wavefunction, is to use toric geometry. Y p,k spaces are toric when we choose the
four-dimensional Ka¨hler-Einstein base M4 as toric. It is certainly the case for M4 = CP2
or CP1 × CP1. More precisely, the metric cone of Y p,k is toric, in other words it is a
complex four-dimensional space and can be expressed as U(1)4 fibration over a convex
rational polyhedral cone. In order to compute the toric data it is crucial to establish a
basis for an effectively acting torus action T4. The result is reported in ref. [31], and for our
purpose readers are asked to bring their attention to the Killing vectors e3, e4 in eq.(3.7)
of [31]. In our notation they are
e3 =
∂
∂ψ
− kl
3
∂
∂α
, e4 = l
∂
∂α
. (4.25)
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The fact that they are effectively acting means that their eigenvalues should be i times an
integer. In particular, it implies Nα = Qm should be an integer, and so should Nψ−kNα/3.
We should also check if X(x) = f(x)
∏
(x − xi)α stays finite at x = x1, x2. For constant
f(x), we should simply avoid the cases with negative α1, α2.
Let us use a specific example of (p, k) = (4, 7) here, in order to illustrate that the
above conditions really pin down the spectrum BPS operators. One can easily compute
α1 =
1
2(Nψ +
5
3Nα) and α2 =
1
2(Nψ − 73Nα) . Since Nα is integral, we start with Nα =
0. Then Nψ should be non-negative to guarantee α1, α2 ≥ 0. These states are dual to
Tr[(X12X23X31)
Nψ ]. Let us now consider Nα = 1. Then from the consideration of e3 we
see Nψ ∈ Z + 73 . And since we want α2 ≥ 0, we can only have Nψ = 73 , 103 , 133 , · · · . One
can easily compute C,QR for these solutions, and convince oneself that they are dual to
Tr[(eiaX2p−k12 X
p
23)(X12X23X31)
Nψ−7/3]. A similar argument holds for Nα = −1 etc.
We can do something similar with M4 = CP1 × CP1, although we do not know the
dual Chern-Simons theory yet. From toric data we need integrality of eigenvalues for the
following Killing vectors (see eq.(3.25) of ref. [31]),
e3 =
∂
∂ψ
− kl
2
∂
∂α
, e4 = l
∂
∂α
. (4.26)
And we also require α1 =
1
2(Nψ +
2p−k
2 Nα), α2 =
1
2(Nψ − k2Nα) be non-negative. Now let
us consider the condition β = 0. We immediately see that the simplest way of satisfying
C = 4Nψ is j1 = j2 = Nψ. If we again start with Nα = 0, Nψ should be an integer
and we may conjecture there should be BPS operators On0 with j1 = j2 = Nψ = n and
QR = 2n. Next we consider Nα = 1, and from α2 ≥ 0 we conjecture there are operators
O
k/2+n
+ (n = 0, 1, 2, · · · ) with j1 = j2 = Nψ = k2 + n and QR = k − 2/l + 2n. And for
Nα = −1, in a similar way we obtain j1 = j2 = Nψ = p − k/2 + n with n = 0, 1, 2, · · ·
from α1 ≥ 0. R-charge is given as QR = 2p − k + 2n + 2/l, and we can call these states
O
p−k/2+n
− . One can certainly continue with other values of Nα.
4.3.2 First excited states: linear f(x)
Although it seems too difficult to find a complete set of solutions to eq. (4.21), it turns out
we can find some excited states where f(x) is a linear function. Let us try f(x) = x + a,
upon which the ODE becomes∑ 1 + 2αi
x− xi +
αx2 + βx
H(x)
(x+ a) = 0. (4.27)
One may make use of the following identities,
H(x)
∑ 1
x− xi = H
′(x) = 4x2(x− 1), (4.28)
H(x)
∑ αi
x− xi = x
2
(
QRx−QR − 2Nα
l
)
. (4.29)
Then it is a simple matter to solve eq. (4.27). One first needs to set α = −2QR − 4, which
implies ∆ = QR+1. For β, there are two possibilities. β = 0 which gives C = 2QR+4Nα/l,
or β = 2(QR + 2Nα/l) + 4 which means C = 4QR + 8Nα/l + 4.
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Having a simple definite relation between ∆ and QR, we expect the duals are also BPS,
and even in the same supermultiplet as constant solutions. Candidate operators can be
made with insertions of fermion bilinears, which have a different ratio of conformal dimen-
sion and R-charge than scalar fields. We can again consider different values of monopole
number Nα and check if the wavefunction is single-valued and finite-valued for different
representations of SU(3) or SU(2)× SU(2), but we do not go into further details here.
5 Discussions
In this paper we have studied the AdS/CFT duality relation for M-theory background
AdS4 ×M7, where M7 is an inhomogeneous Sasaki-Einstein manifold. For concreteness
we have chosen cohomogeneity-1 examples, Y p,k(CP2) and Y p,k(CP1×CP1). Using simple
geodesic motions we have established a precise mapping between supergravity and field
theory, and through scalar Laplace equation we have seen how chiral primary operators
are realized as wavefunctions of quantum mechanics.
The issues covered in this paper are admittedly rather limited. First of all, we have not
tried a full treatise of Kaluza-Klein reduction involving the metric, four-form and gravitino
fields. We have only studied scalar Laplacian and certainly it is very desirable to extend
to the entire action. Even for scalar Laplacian, we managed to obtain only some of the
lowest-lying modes. In fact one can check if there are higher-order polynomial solutions
for f(x) to eq.(4.21), but when one tries a quadratic polynomial for f(x) it is easy to see
that it leads to inconsistency and there is no such solution. Due to supersymmetry, we
expect there should exist higher modes with ∆ = QR + 2, QR + 3, · · · , and it will be very
interesting to construct such solutions explicitly.
Y p,k manifolds including homogeneous ones as special cases certainly do not exhaust
all explicit Sasaki-Einstein 7-manifolds known to us. There exist higher-cohomogeneity
examples such as Lp,q,r1,r2 in seven dimensions, constructed in [36, 37]. Back to five-
dimensions, the gauge duals for AdS5 × Lp,q,r were identified in refs. [38, 39], the geodesic
motions were studied in [40], while the scalar Laplace equation was studied in [41]. We
hope to be able to analyze the toric geometry, and the Chern-Simons duals of Lp,q,r1,r2
manifolds and compare the membrane dynamics against the CFT spectra.
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